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This paper study the evolution of the universe filled with a neutral mass dimension one fermionic
field, sometimes called Elko. The numerical analysis of the coupled system of equations furnish a
scale factor growth and energy density evolution that correctly reproduces the inflationary phase
of the universe. After that, supposing a mechanism of energy transference to ordinary matter,
the initial conditions generated after inflation drives the radiation dominated phase and also the
subsequent dark matter evolution, since the Elko field is a good dark matter candidate. The energy
density of the field at the end of inflation, at the end of radiation phase and for present time are in
agreement to the standard model estimates. The analysis was performed with a potential containing
a quadratic mass term plus a quartic self-interaction term, which follows naturally from the theory
of mass dimension one fermions. It is interesting to notice that inflation occurs when the field
makes a kind of transition around the Planck mass scale. The number of e-foldings during inflation
was found to be strongly dependent on the initial conditions of the Elko field, as occurs in chaotic
inflationary models. An upper mass limit for Elko field has been obtained as m < 109GeV. A
possible interpretation of both inflationary phase and recent cosmic acceleration as a consequence
of a kind of Pauli exclusion principle is presented at the end.
I. INTRODUCTION
The search for a model that correctly describes the
whole evolution of the universe is an old problem in
cosmology. In the current model, the universe starts
in a very hot and dense phase known as big bang1
driven by quantum effects based on models as su-
persymmetry, supergravity, extra dimensions, super-
strings, among others. The quantum effects are dom-
inant while the energy density is greater than Planck
energy density m4pl, characterized by the Planck mass
mpl ≃ 1.22×1019GeV. The age of the universe is about
10−43s at this stage. From 10−43s to about 10−35s
the universe is still expanding and cooling in the so
called pre-inflationary phase, its temperature is about
1027K and the energy density is about 1058GeV4 ∼
1075g/cm3. From 10−35s to 10−32s the universe un-
dergoes the so-called cosmic inflation, where the scale
1 See [1] or [2] for a brief resume of the thermal history of the
universe.
factor a(t) growth for about 1043 orders of magni-
tude. Such phase is necessary in order to solve some
problems as the flatness problem, the monopole and
relics problems, the horizon problem and homogene-
ity [3, 4]. After such very abrupt expansion, nearly
exponential, the energy density is about 1051GeV4 ∼
1068g/cm3 and the universe goes through a reheat-
ing phase, where the so called inflaton field transfer
energy to the ordinary matter, which starts to dom-
inate. After 10−32s the universe goes into radiation
dominated phase up to 1011s, and several process oc-
cur, as the end of electroweak unification, the quark-
hadrons transition and nucleosynthesis of light ele-
ments. At the end of radiation dominated phase, ra-
diation and matter has the same energy density, of
about 10−34GeV4 ∼ 10−17g/cm3. Then the universe
enters a matter dominated long epoch, in which occurs
the formation of atoms and first structures, as galax-
ies and cluster of galaxies. The scale factor growth
about 1065 − 1075 orders of magnitude up today, with
an age of about 1018s and the energy density decreases
to about 10−46GeV4 ∼ 10−29g/cm3. Finally, very re-
2cently the universe starts a new accelerating phase,
dominated by a cosmological constant term or a dark
energy fluid. This is a very brief history of the universe.
An unified model that could describe all the phases
of evolution of the universe is a difficult task. The sev-
eral orders of magnitude involved from the inflation to
recent cosmic acceleration forced the researches to di-
vide the evolution of the universe into different parts,
each one characterized by different kind of particles
that dominate at different stages. These ingredients
form the so called standard model of cosmology. The
inflationary phase of the universe can be constructed
with a single scalar field which drives the inflation
while the scalar field rolls down to the bottom of its
potential. Several potentials that satisfies the fine tun-
ings of the inflationary phase have been studied in last
decades (see [3, 4] for a review and [5] for observational
constraints on several potentials.). After inflation, the
scalar field ends in a rapid oscillation around the min-
imum of its potential and its energy is transferred to
the baryonic particles in the next phase of evolution, in
a process known as reheating. The scalar field does not
act anymore and the universe evolves dominated by ra-
diation and subsequently by matter. During the mat-
ter dominated phase there is the necessity of adding a
new kind of non-baryonic matter to the model in or-
der to correctly explain structure formation, thus the
standard model needs addition of dark matter, about
25% of the total content of the universe. Radiation
and baryons corresponds just to about 5% of the to-
tal content. After evolving dominated by dark matter,
observations show that a recent accelerated phase of
expansion needs a new ingredient, the so called cosmo-
logical constant or even a new kind of energy, called
dark energy, acting as a vacuum energy density and
representing about 70% of the total energetic content.
As previously stated, a model describing all phases
of the evolution of the universe is a challenge for the
present cosmology. In particular, the constraints in the
energy density and the ‘size’ of the universe after each
phase is strongly dependent on the inflationary model
adopted. The exact initial conditions leading a cosmic
inflation and its connection to radiation and matter
evolution depends on the dynamic of the inflaton field.
Recently, a new class of fermions with mass dimension
one named Elko [6–9] was proposed and established
in solid quantum bases very recently [9, 10] (see also
[11]). Such new fermionic field is a natural candidate
to dark matter in the universe once it is constructed
by means half-integer spinors that are eigenstate of the
charge conjugation operator, being neutral and weakly
coupled to the electromagnetic sector of the standard
model of particles. Several cosmological applications
of such fermionic mass dimension one field have been
recently presented in the literature [12–23]. The great
advantage to use the Elko field as the inflaton field is
that it does not need to disappear after acting, since
it happens to be responsible for the dark matter in the
present day. Also, being a fermionic field, its quantum
properties could be evoked in order to better under-
stand both the inflationary phase as recent cosmic ac-
celeration, as a kind of Pauli exclusion principle mech-
anism.
In the present paper we consider the fermionic Elko
field as an alternative to drive the inflationary phase
of the universe. If we suppose that it transfers only
part of its energy to radiation after inflation2, the evo-
lution of universe up to present time can be correctly
described, namely the end of inflation serves as initial
conditions to radiation phase and the end of radiation
as initial conditions to matter dominated phase. We
present the numerical results concerning the Elko field
equations obtained recently in [22] and here driving
the inflationary phase in the presence of a potential
with a quadratic mass term and a quartic self interac-
tion term, similar to which has been done recently in
[23]. It is shown that inflation occurs when the Elko
field makes a transition characterized by a value of
about one Planck mass. The Planck scale represents
a limit from pre-inflationary phase to post-inflationary
one. The evolution for the scale factor and the en-
ergy density during and after a cosmic inflation are in
good agreement to the values of the standard model
for three different epochs, namely the end of inflation,
the transition from radiation to matter dominance and
the present day value for such parameters. It is impor-
tant to stress that the time scale in seconds used here
allows to estimate the real growth of the scale factor
and the decrease of the energy density up today. As
quoted above, a similar treatment has been done re-
cently in [23] concerning the numerical analysis at the
inflationary phase, however using a phenomenological
symmetry broken potential, which is not predicted by
mass dimension one fermions theory [7]. Also, in [23]
the evolution after inflation was just extrapolated, not
covering the radiation and matter evolution from its
2 The mechanism of such transfer is not known yet, but the
possible coupling of Elko field to Higgs field has been studied
recently [7, 24, 25], thus the Higgs field could intermediate
such energy transfer to ordinary matter.
3known evolution equations, as done here.
II. DYNAMIC EQUATIONS FOR ELKO
FIELD
In a flat space-time there are four Elko spinors sat-
isfying invariance by the charge conjugation operator
C, they are labeled as λ
S/A
β where S stands for Self-
conjugate and A for Anti-self-conjugate. The index
β stands for two possible helicities. They satisfies
Cλ
S/A
β = ±λS/Aβ [6–11] and are normalized satisfying
the relation
¬
λβ (k)
S/Aλβ′ (k)
S/A = ±2mδββ′ , where
λβ′ (k)
S/A and
¬
λβ (k)
S/A are the usual spinor and its
dual, respectively. The dual have been redefined re-
cently [9–11] in order to maintain locality and Lorentz
covariance. The corresponding quantum fields can be
redefined in order to satisfies a normalization relation
as
¬
λ λ = ±1, where λ stands here for any of the
four spinors, with normalization +1 for the two self-
conjugate and −1 for the two anti-self-conjugate.
In this paper it was used just one fermionic Elko
field satisfying a positive normalization. Also, in order
to use the Elko field in a curved background, it was
factored out the time dependence of the Elko field as
[13–23] Λ = φ(t)λ. The action for the model reads
[18, 22]:
S =
∫
d4x
√−g
[
− R˜
2κ2
+
1
2
gµν∇˜µ
¬
Λ ∇˜νΛ− V (
¬
Λ Λ)
]
,
(1)
where κ2 ≡ 8piG with c = 1. The tilde denotes the
presence of torsion terms into the Ricci scalar R˜ and
covariant derivatives, namely, ∇˜µΛ ≡ ∂µΛ − ΓµΛ and
∇˜µ
¬
Λ≡ ∂µ
¬
Λ +
¬
Λ Γµ, where Γµ is the connection
associated to spinor fields, containing the spin connec-
tions. For the potential it was used a quadratic mass
term and a quartic self-interacting term, namely:
V =
1
2
m2
¬
Λ Λ +
α
4
(
¬
Λ Λ)
2 =
1
2
m2φ2 +
α
4
φ4 , (2)
wherem is the physical mass of the field and α a dimen-
sionless coupling. Such kind of potential follows natu-
rally from the theory of mass dimension one fermions
[7].
In a flat Friedmann-Robertson-Walker (FRW) met-
ric ds2 = dt2 − a(t)2[dx2 + dy2 + dz2], the two Fried-
mann equations and the dynamic field equation for the
time component φ(t) of the Elko field3 plus a ordinary
3 We will refer to φ(t) as Elko field from now on, but the com-
matter i can be obtained [18, 22]:
H2 =
κ2
3
(
1 +
κ2φ2
8
)[
φ˙2
2
+ V (φ) + ρi
]
, (3)
H˙ = −κ
2
2
(
1+
κ2φ2
8
)[
φ˙2− 1
2
Hφφ˙
(1 + κ2φ2/8)2
+ρi+pi
]
,
(4)
φ¨+ 3Hφ˙+
dV (φ)
dφ
− 3
4
H2φ
(1 + κ2φ2/8)2
= 0 , (5)
whereH = a˙a is the Hubble parameter and a dot stands
for time derivative. The energy density ρi and the pres-
sure pi for the ordinary matter i (radiation or baryonic
matter) where also included in the right side of (3) and
(4). The equations for energy density and pressure for
Elko field are [22]:
ρ =
φ˙2
2
+ V (φ) +
3
8
H2φ2
(1 + κ2φ2/8)
, (6)
p =
φ˙2
2
− V (φ)− 3
8
H2φ2
(1 + κ2φ2/8)
− 1
4
H˙φ2
(1 + κ2φ2/8)
−1
2
Hφφ˙
(1 + κ2φ2/8)2
. (7)
Such equations generalizes that one for a standard
scalar field. The second terms inside curl bracket of
(3)-(4), the second term inside square bracket of (4),
the last terms of (5) and (6) and last three terms of
(7) are not present in the standard scalar field equa-
tions. This shows that the Elko dynamic field equa-
tions are much richer than the scalar field ones. Such
additional terms comes from the fact that the fermionic
Elko field must be coupled to torsion in an Einstein-
Cartan framework and also due to spin connections
terms. In particular, since that κ2 = 8piG = 8pi/m2pl,
in the limit φ ≪ mpl and Hφ ≪ φ˙ these additional
terms can be discarded and the equations are exactly
like that ones for the standard scalar field. Thus the
limit φ ∼ mpl represents a kind of transition of the Elko
field from a high energy regime dominated by torsion
and spin connection terms to a low energy regime free
of torsion. Surprisingly, it has been found numerically
that such transition from a high energy regime to a
low energy one is the responsible for the inflationary
phase of the universe. Notice also that in the limit
φ≪ mpl we have the torsion term κ2φ2/8≪ 1, which
plete spinor structure is present in Λ.
4FIG. 1: Numerical result for the evolution of the scale factor a(t) with time. Inflation occurs from 10−35s to 10−32s (solid
line) with the scale factor increasing from 10−70 up to about 10−28. After that the scale factor grows smoothly dominated
by radiation (dashed line), with a(t) ∼ t1/2 up to about t ≃ 1011s. From 1011s to 1018s the evolution is of matter type
(dotted line), with a(t) ∼ t2/3. The growth of the scale factor up today, a(t) ∼ 1, corresponds to an increase of about
1070. The vertical axis on the right shows the number N of e-foldings.
simplifies the system of equations, being very similar
to the standard scalar field, but it is important during
inflationary phase.
Finally, given a potential V (φ) the above set of equa-
tions can be integrated (at least numerically) in order
to study the evolution of a(t) and φ(t). In which fol-
lows it will set the initial conditions and values of the
parameters in order to make a numerical analysis of
the system.
III. NUMERICAL RESULTS
In order to perform a numerical analysis4 for the
evolution of the scale factor a(t) and φ(t) it was cho-
sen to work with the coupled equations (3) and (5).
It is also necessary to fix some parameters of the po-
tential (2) and initial conditions for φ. Since (3) is a
first order differential equation in a(t) it needs just one
initial condition at ti, and it was chosen a(ti) = 10
−70.
With such choice we expect the present value to be
a = 1. Equation (5) is a second order differential
4 It was used the Maple 15 Software, whose numerical solu-
tions are found by a Fehlberg fourth-fifth order Runge-Kutta
method with degree four of interpolation.
equation and needs two initial conditions. In order
to test the hypothesis that inflation occurs due to a
transition of the Elko field from a high energy scale
φ > mpl to a low energy regime φ < mpl, it was cho-
sen φ(ti) ≡ φi = 1.75mpl = 3.25 × 1043s−1, similar to
chaotic inflationary model by Linde [26]. The inflation
must occur when φ(t) decays from φi to zero, to the
bottom of the potential. It has been also considered
that before inflation occurs the universe was filled with
a nearly homogeneous and isotropic gas of Elko parti-
cles, nearly at rest, so it was chosen φ˙(ti) ≡ φ˙i = 0.
Thus the unique energy present at the beginning is its
potential energy V (φi). During inflation we do not
consider the presence of ordinary matter ρi nor pi.
After some numerical analysis it was found that the
beginning of the evolution, namely the phase that in-
cludes the inflation, can be driving just by the self-
interacting quartic term of the potential ifm2 ≪ 1
2
αφ2i ,
which is obvious since that it is proportional to φ4
while the mass term is proportional to φ2 and the ini-
tial condition for φ is nearly greater than the Planck
mass. By choosing α = 4 × 10−20 the condition for
the mass is m ≪ 2.5 × 10−10mpl ≃ 3 × 109GeV. It
was chosen m = 1.0GeV so that it does not contribute
to the evolution at the beginning. When the field de-
cays below about 10−10mpl ≃ 1033s−1 the quadratic
5FIG. 2: Numerical result for the evolution of the energy density (6) of the Elko field with time. The units of vertical
scale on the left is [s−4] and on the right is GeV4. During the inflationary phase the energy density is nearly constant,
about 10155s−4 ≃ 1058GeV4 ≃ 1075g/cm3. The inflation finish at 10−32s with an energy density of about 10149s−4 ≃
1052GeV4 ≃ 1069g/cm3. Up to t ≃ 10−30s (solid line) the figure was obtained numerically using the solution for φ(t) into
(6). After t ≃ 10−30s (dashed line) the evolution corresponds to the radiation energy density of the form ρr = ρr0a(t)
−4,
with ρr0 = 4× 10
39s−4, showing the reduction of the radiation energy density up to 1011s, where matter and radiation are
in equilibrium, with an energy density of about 10−35GeV4 ≃ 10−18g/cm3. After that the evolution follows the matter
energy density (dotted line) as ρm = ρm0a(t)
−3, with ρm0 = 3.5 × 10
35s−4, up today, where the energy density is about
1051s−4 ≃ 10−46GeV4 ≃ 10−29g/cm3.
mass term starts to dominate. Numerically this oc-
curs at about 10−5s, being important already in ra-
diation dominated epoch. Having stated the initial
conditions and the value of the parameters, we see
that the condition V (φi) ≪ m4pl is satisfied in or-
der to warranty that the total energy of the field is
below the Planck scale, so that quantum effects are
not present. Such condition is satisfied due to tiny
value of α. Now it is possible to make a numerical
analysis of the system of equations (3) and (5). In
order to have the time scale in seconds, it was used
κ =
√
8pi/mpl = 4.1 × 10−19GeV−1 = 2.7 × 10−43s.
The initial time ti was chosen as ti = 10
−35s. It is
expected that inflation occurs up to about 10−32s and
after that the universe expand in a nearly power law
in time.
Figures 1 and 2 present the main results of the paper.
The black solid lines correspond to numerical analysis
just for Elko field, namely with ρi = 0 into (3). In Fig-
ure 1 the evolution of the scale factor a(t) with time
(in seconds) for the above initial conditions and pa-
rameters of the potential shows that inflation in fact
occurs up to about 10−32s and the scale factor growth
for about 1042 orders of magnitude, which corresponds
to about 97 e-foldings, calculated as N = ln a(t)/a(ti)
and indicated on the vertical axis on the right. Af-
ter that, by supposing the Elko field transfer part of
its energy to ordinary matter, the universe evolves as
a(t) ∼ t1/2 in a radiation dominated phase, which is
indicated by the strait dashed line in the logarithm
scale. After that, once radiation finish its dominance,
the rest of Elko field that was also evolving together
radiation act again, as a dark matter with null pres-
sure and a(t) ∼ t2/3. The evolution follows up today
with the scale factor of about 1, our normalization for
present day, in good agreement to the previous esti-
mate from [1] of an increase of about 1074 for the stan-
dard model.
Figure 2 shows the numerical analysis for the evo-
lution of the energy density ρ(t) from (6), showed in
solid line. It can be seen that during the inflationary
phase (from t ∼ 10−35s to 10−32s) the energy den-
sity is nearly constant, about 10155s−4 ≃ 1058GeV4 ≃
1075g/cm3. The inflation finishes with an energy den-
sity of about 10149s−4 ≃ 1052GeV4 ≃ 1069g/cm3,
in good agreement with standard model [1] of about
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FIG. 3: (a) - Evolution of the Elko field φ(t) to its minimal value showing its oscillation with time while rolling down to
the bottom of the potential. (b) - Evolution of the equation of state parameter ω = p/ρ with time, showing its oscillation
around 0 after starts in ω = −1. (c) - Detailed view of the inflationary phase and its strong dependence on the initial
value φi. The number N of e-foldings are also presented to each case.
1069g/cm3. After t ≃ 10−30s (dashed line) the evolu-
tion corresponds to the radiation energy density of the
form ρr = ρr0a(t)
−4, showing the reduction of the ra-
diation energy density up to 1011s, where matter and
radiation are in thermal equilibrium. At this stage the
energy density if of about 10−35GeV4 ≃ 10−18g/cm3.
After that the evolution follows the matter energy den-
sity (dotted line) as ρm = ρm0a(t)
−3 up today, where
the energy density is about 1050s−4 ≃ 10−47GeV4 ≃
10−29g/cm3, exactly the expected value for the critical
energy density today. The energy density at all tran-
sitions phase are in good agreement to the standard
model.
Figure 3 (a) shows the numerical results for the
decaying of the Elko field φ(t) from its initial value
φi = 1.75mpl with time. Before reach the bottom
of the potential the field oscillates for a long time
around its minimal value. Figure 3 (b) shows the
numerical analysis of the equation of state parame-
ter ω ≡ p(φ)/ρ(φ) obtained with (6) and (7), which
indicates that ω starts from −1 during inflation and
then begins to oscillate around ω = 0 for the rest of its
evolution. This confirms that the Elko field satisfies
a dust equation of state type, exactly as desired for a
dark matter fluid. Thus the Elko field act as a dark
matter after radiation dominated era, up to the rest of
the evolution of the universe. Also, having nearly null
kinetic energy the Elko particles could be attracted to
other local potentials, initiating the growth of small
structures, as dark matter halos. Remember that it
is one the main characteristic of the Elko field, a can-
didate to dark matter particle. Figure 3 (c) shows in
detail what happens during the inflationary phase for
different initial conditions of φ, indicating a strong de-
pendence with the initial value φi of the field. The
other parameters are the same of previous analysis. It
is possible to see clearly that the number of e-foldings
of the inflation is strongly dependent on the initial con-
dition for the field. This is a kind of fine tuning for the
model and shows that inflation occurs when the field
decreases below the Planck mass scale.
IV. CONCLUDING REMARKS
The numerical analysis of the coupled system of
equations concerning a homogeneous and isotropic dis-
tribution of mass dimension one fermionic Elko field
filling the whole universe was performed, considering
the Elko field as an alternative to standard scalar field
inflationary model. The potential under which the
Elko field slows down is a quadratic mass term plus a
quartic self-interaction. It was found that the evolution
for the scale factor reproduces the expected exponen-
tial growth during the inflationary phase up to about
10−32s, with the desired number of e-foldings. The en-
ergy density after inflation is also in agreement with
standard model. After inflation ends, by supposing a
partial energy transference from Elko field to radiation,
7the values for the scale factor and energy density serve
as initial conditions for the radiation phase. Surpris-
ingly the evolution of the type t1/2 for the scale factor
and a(t)−4 for the energy density leads the universe
to the expected value for the energy density at 1011s,
where matter and radiation are in equilibrium. Being
the Elko field of matter type, with null pressure, it
dominates again, given rise to the dark matter phase
in the universe, evolving as t2/3 for the scale factor
and a(t)−3 for the energy density. Again, the present
day value for the energy density is obtained in agree-
ment with the standard model, and the total growth
for the scale factor is about 1070, also in agreement to
standard model.
In this analysis the mass of the Elko field was taken
as 1.0GeV and its effects during the inflationary phase
is not important, thus the mass of the Elko field must
be estimated by others observational constraints, as
formation of structures for instance. We have verified
that an upper limit to the mass of m ≪ 10−10mpl ∼
109GeV can be established if we want to keep the initial
conditions before each epoch according to the standard
model values. Such value is in agreement to modern
estimates [27]. It was also obtained that the number
of e-foldings during the inflationary phase is strongly
dependent on the initial value of the field, here taken
as φi > mpl, as occurs in chaotic inflationary mod-
els. Inflation occurs exactly when the field goes from
φi ∼ mpl to zero. As the field decays to the bottom
of its potential it starts to oscillate and its amplitude
diminishes with time.
As already pointed out previously, a similar analy-
sis just for inflationary phase has been done in [23],
using a phenomenological symmetry broken potential.
The expected evolution as matter type after inflation
has been obtained just by extrapolating the obtained
curve and the effective mass estimated is strongly de-
pendent on the parameters of the symmetry broken
potential. Here both evolutions, namely radiation and
matter type, were obtained using its expected evolu-
tion laws and initial conditions generated after infla-
tion, showing a good agreement to standard model.
Also, the mass used here for the field is free to be con-
strained by observations, since the inflationary phase
is driven just by the quartic self-interaction term.
Although the exact analysis of the system of equa-
tions has been done only for a short time interval5,
the initial conditions generated after inflation for the
scale factor and the energy density correctly lead to
the expected values for the subsequent evolution. In
this sense we can affirm that the Elko field drives all
the evolution of the universe, including its action as
dark matter in the last phase of evolution.
The Elko field considered here is just a classical field.
As a final remark on the inflation driven by Elko field,
maybe we could interpret the inflationary expansion
as a consequence of a kind of Pauli exclusion principle
or degeneracy pressure effect if the field is considered
as a quantum one. When the fermionic quantum Elko
field rolls down to the bottom of the potential, try-
ing to occupy its minimal energy state, the degeneracy
pressure acts expanding the whole system in order to
separate the particles, once they can not occupy the
same fundamental state. This could be the trigger
for inflation occur. Such interpretation is not possi-
ble when inflaton field is of bosonic type. Also, after
evolve as dark matter in late times, the field keep try-
ing to occupy the minimum potential energy, but its
quantum nature does not allows all particles with zero
potential energy, thus a remaining net energy fills the
whole universe, which could be interpreted as a kind
of cosmological constant energy density, being respon-
sible for the recent cosmic acceleration. Such possible
quantum effect based on the Pauli exclusion principle
for explain both inflation and recent cosmic acceler-
ation driven by a mass dimension one fermion field
deserves future investigations.
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